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Abstract
It is shown that the well established and confirmed neutrino experimental results, such as atmo-
spheric neutrino oscillations and solar neutrino deficit, can be easily explained for “democratic”
left-handed Majorana neutrinos, taking into account the effect of incoherence. In this model the
absolute values of the neutrino masses can be extracted from the atmospheric neutrino oscillation
data, which gives the mass spectrum close to {0.03 eV, 0.03 eV, 0.06 eV}. The predictions of the
considered model and its further testing are discussed.
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I. INTRODUCTION
The neutrinos were proposed by W. Pauli in 1930 [1] and first detected by C. Cowan and
F. Reines in 1956 [2]. However the questions on the type (Dirac or Majorana) and values
of their masses still remain actual [3]. The most-studied and well established phenomena,
which are governed by the neutrino masses, are the solar neutrino deficit [4] and the atmo-
spheric neutrino oscillations [3]. In this paper I show that the discussed phenomena can be
explained within an economical model with three “democratic” Majorana neutrinos, taking
into account their coherence length. If this theory is confirmed, it will provide the answers
on the mentioned questions on the neutrino masses.
Due to large number of (anti)neutrino flux calculations and Monte Carlo methods in the
market (see, e.g., Refs. [21-31] in Ref. [5] and Refs. [15-21] in Ref. [6]), and large number of
discrepancies among them [7–9] we will concentrate on the results, which do not strongly
depend on the absolute normalization of the data samples.1
In the next section the neutrino mass model is introduced, and the neutrino masses and
mixing are derived. The general formula for the neutrino oscillations and its applications to
the atmospheric and solar neutrinos in the considered model are given in section III. The
predictions of this model for other neutrino experiments, and its further testing are outlined
in section IV, which is followed by a conclusion.
II. NEUTRINO MASSES AND MIXING
Consider the mass term for three left-handed Majorana neutrinos
Lνm = −
1
2
∑
αβ
ν¯cαLMαβνβL + H.c., (1)
where α, β = e, µ, τ are the flavor indices, c denotes charge conjugation, and
M = m
 0 1 11 0 1
1 1 0
 (2)
is a “democratic” mass matrix, which is invariant under the permutation group of three
elements S3 [11–17].
2 The matrix M has the eigenvalues
λ1 = λ2 = −m, λ3 = 2m (3)
1 Remind the significant difference between the results derived in the 3-Dimensional and the 1-D collinear
simulations [10].
2 In general, also the second invariant under S3 matrix M˜ = daig{m˜, m˜, m˜} can be considered, e.g., as small
perturbation.
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and the corresponding eigenvectors
NT1 =
1√
2
(1,−1, 0),
NT2 =
1√
6
(1, 1,−2), (4)
NT3 =
1√
3
(1, 1, 1),
which form the leptonic mixing matrix of tri-bimaximal [12, 18–21] type
U =
 1√2 1√6 1√3− 1√
2
1√
6
1√
3
0 − 2√
6
1√
3
 . (5)
This matrix can be parametrized as
U = R12(θ12)×R23(θ23) =
 c12 s12c23 s12s23−s12 c12c23 c12s23
0 −s23 c23
 (6)
where cij ≡ cos θij, sij ≡ sin θij, θ12 = 45◦, θ23 = pi/2 − arctan(1/
√
2) ≈ 54.7◦, and we
used nonstandard order of multiplication (compare with Ref. [21]) of the two Euler rotation
matrixes
R12(θ12) =
 c12 s12 0−s12 c12 0
0 0 1
 , R23(θ23) =
 1 0 00 c23 s23
0 −s23 c23
 . (7)
The matrix U diagonalizes the mass matrix M as
UTMU = diag(λ1, λ2, λ3), (8)
and makes the transformation from flavor to mass basis
ναL =
∑
i=1,2,3
UαiνiL, (9)
in which the mass term in Eq. (1) has a diagonal form
Lνm = −
1
2
∑
i
λiν¯
c
iLνiL + H.c. (10)
Now, using the definition
νiL ≡ 1
2
(1− γ5)ψi (11)
with the Majorana spinors ψi = ψ
c
i , Eq. (10) can be rewritten as
Lνm = −
1
2
∑
i
λiψ¯iψi = −1
2
∑
i
simiψ¯iψi, (12)
3
where m1 = m2 = m3/2 ≡ m, and s1 = s2 = −s3 = −1 are the sign factors, which can be
absorbed by the transformation ψj → iγ5ψ′j (j = 1, 2). On relation of the sign factors to
the neutrino CP properties and mixing matrix see section 2.3.2 in Ref. [22] and references
therein. The resulting neutrino mass spectrum
{m,m, 2m} (13)
has normal ordering and two degenerate values. In the following we assume small violation
of this degeneracy, see Ref. [23] for more details.
We should stress that the mixing matrix in Eq. (5) is naturally formed by the eigenvectors
of M (the last column of U is the eigenvector, which corresponds to the heavier neutrino mass
state), and is different from the popular tri-bimaximal and “democratic” mixing patterns
(see Ref. [24] and references therein), which fail to explain the solar neutrino data by the
incoherence, as we do in section III B.
III. NEUTRINO OSCILLATIONS
The momentum of a massive neutrino νi, which has the mass mi, can be expanded in
powers of (mi/E)
2 up to the first order as
~pi ≈ ~p+m2i
∂~pi
∂m2i
∣∣∣∣
mi=0
= ~p− ~ξ m
2
i
2E
, (14)
where ~ξ is the vector, which depends on the production process, ~p and E = |~p| are the
momentum and energy of a neutrino in the massless approximation, respectively. When the
oscillation phase is measurable, i.e., ∆m2ijL/(2E) ∼ 1, the oscillation probability for the
neutrino travelled space-time interval (~L, T ) at the lowest order in m2i /E
2 can be written
as [25, 26]
Pνα→νβ(L,E) =
∑
i,j
U∗αiUβiUαjU
∗
βj exp
(
−i2pi L
Loscij
)
Ecoh Eloc
=
∑
i
|Uαi|2|Uβi|2 + 2
∑
i>j
Re
[
U∗αiUβiUαjU
∗
βj exp
(
−i2pi L
Loscij
)]
EcohEloc (15)
with the coherence term
Ecoh = exp
−( L
Lcohij
)2 (16)
and the localization term
Eloc = exp
−2pi2(1− ~L · ~ξ
L
)2(
σx
Loscij
)2 , (17)
where
Loscij =
4piE
∆m2ij
(18)
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and
Lcohij =
4
√
2E2
|∆m2ij|
σx (19)
are the neutrino oscillation and coherence lengths, respectively; ∆m2ij = m
2
i − m2j is the
neutrino mass splitting, and σx is the neutrino wave packet spatial size.
A. Atmospheric neutrinos: oscillations
In the limits
L Lcohij (20)
and
σx  Loscij (21)
Eq. (15) can be rewritten as
Pνα→νβ(L,E) =
∑
i
|Uαi|2|Uβi|2 + 2
∑
i>j
|U∗αiUβiUαjU∗βj| cos
(
∆m2ij
2E
L− φβα;ij
)
(22)
with φβα;ij = arg(U
∗
αiUβiUαjU
∗
βj).
For the neutrino mass spectrum in Eq. (13) and mixing in Eqs. (5) and (6) we have
Pνe→ντ (L,E) = Pνµ→ντ (L,E) = 4s
2
12c
2
23s
2
23 sin
2
(
∆m2L
4E
)
=
4
9
sin2
(
∆m2L
4E
)
, (23)
Pνe→νµ(L,E) = 4c
2
12s
2
12s
4
23 sin
2
(
∆m2L
4E
)
=
4
9
sin2
(
∆m2L
4E
)
, (24)
where ∆m2 ≡ m23 −m2i<3 = 3m2. The oscillations among all the three flavor neutrinos have
same size in vacuum. Using the atmospheric neutrino mass splitting ∆m2a = (2.06− 2.67)×
10−3 eV2 (at 99.73% CL) [3] 3, we have 0.026 eV < m < 0.030 eV.
The flux of atmospheric neutrinos was measured by the Super-Kamiokande (SK) de-
tector [5, 27, 28] with high statistics for the neutrino energies in the range from 0.1 GeV
to 103 GeV. Using Eq. (18), we have Losc32 (E > 0.1 GeV) > 100 km. Using the estimate
σx . mµcτµ/(4Eν) [29], where mµ = 105.6 MeV and cτµ = 658.6 m are the mass and mean
free path of muon, respectively, we have σx(E > 0.1 GeV) < 200 m. Hence Eq. (21) is
perfectly satisfied. Using Eq. (19), one can see that Eq. (20) is also well satisfied.
We notice that the difference between the e-like and µ-like event distributions in the SK
experiment [5] can be explained by the matter effect on νe which travel through the Earth.
Indeed, Pνe→ντ in Eq. (23) and Pνe→νµ in Eq. (24) can be uniformly written as
P (νe → νx) = sin2 2θ sin2
(
∆m2L
4E
)
(25)
3 We consider this result as approximate since it was derived in a very different mixing framework.
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with x = µ, τ , and sin 2θ = 2/3, where θ is the neutrino mixing angle in vacuum. For the
neutrinos propagating in the matter with the electron number density Ne this probability
will be modified as [3, 30–32]
Pm(νe → νx) = sin2 2θm sin2
(
∆M2L
4E
)
(26)
with ∆M2 = ∆m2Fm and
sin 2θm =
tan 2θ√(
1− Ne
Nrese
)2
+ tan2 2θ
, (27)
where the matter factor is given by
Fm =
[(
1− Ne
N rese
)2
cos2 2θ + sin2 2θ
] 1
2
, (28)
and the Mikheyev-Smirnov-Wolfenstein “resonance density” is given by
N rese =
∆m2 cos 2θ
2
√
2EGF
≈ 6.56× 106 ∆m
2[eV2]
E[MeV]
cos 2θ cm−3 NA (29)
with GF and NA being Fermi constant and Avogadro number, respectively. In particular,
for the atmospheric neutrinos with energies E ∼ 10 GeV we have N rese ≈ 1.15 cm−3 NA, and
using the mean electron number density in the Earth core N¯ ce ≈ 5.4 cm−3 NA [3, 33], we find
the oscillation probabilities
Pm(νe → νx) = 0.05 sin2
(
2.8
∆m2L
4E
)
, (30)
which are significantly suppressed with respect to Pνµ→ντ in Eq. (23). The corresponding
suppression in the Earth mantle is less significant. More detailed investigation of the Earth’s
matter effect on the atmospheric neutrinos in the democratic model (with possible small
perturbations) is in progress [34].
The MINOS result for the amplitude of the muon neutrino oscillations [6, 35], which is
close to unity, is explained by the muon neutrino oscillations to both electron neutrino and
tau neutrino, where the matter effect plays subdominant role. For the survival probability
of the muon neutrino we have
P surv(νµ → νµ) = 1− P (νµ → ντ )− Pm(νµ → νe)
= 1− 4
9
sin2 (φosc(L,E))− sin2 2θm sin2 (φosc(L,E)Fm) (31)
with the vacuum oscillation phase
φosc(L,E) ≡ ∆m
2L
4E
= 1.27
∆m2[eV2]L[km]
E[GeV]
. (32)
6
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FIG. 1: Effective factor sin2 2θeff in the muon neutrino survival probability versus the neutrino
energy for the MINOS baseline L = 734 km and chosen values of the electron number density Ne.
Eq. (31) can be effectively rewritten as
P surv(νµ → νµ) = 1− sin2 2θeff(L,E,Ne) sin2 (φosc(L,E)) (33)
with
sin2 2θeff(L,E,Ne) =
4
9
+ sin2 2θm(E,Ne)
sin2 (φosc(L,E)Fm(Ne))
sin2 (φosc(L,E))
. (34)
Fig. 1 shows the dependence of sin2 2θeff on the muon neutrino energy E in the range from
2 GeV to 10 GeV for the MINOS baseline L = 734 km, where the differences among the
three lines demonstrate the relatively weak dependence on Ne (in the Earth crust).
B. Solar neutrinos: decoherence
Thousands of 8B solar neutrinos were detected by Sudbury Neutrino Observatory
(SNO) [36] using the charged-current (CC) and neutral current (NC) reactions
νe + d→ e− + p+ p (35)
and
ν` + d→ ν` + p+ n, (36)
respectively. The ratio of the neutrino fluxes measured with CC and NC events is [3, 36]
ΦCCSNO
ΦNCSNO
=
1.68± 0.06+0.08−0.09
4.94± 0.21+0.38−0.34
= 0.340+0.074−0.063. (37)
For the solar neutrinos with the energies E . 10 MeV the oscillations due to ∆m2a proceed
in the matter of the Sun as in vacuum, since the number density of electrons in the center of
the Sun is by a factor of 10 smaller than the “resonance density” in Eq. (29) [3]. The wave
7
packet size of solar neutrinos, which have the energies E ∼ 1 MeV, is σx ∼ 10−9 m [37]. Using
Eq. (19) with ∆m2a, we have L
coh
31 ∼ 103 km. For the Earth-Sun distance L ≈ 1.5× 108 km
we have
Lcoh31  L. (38)
(This relation is satisfied for the neutrino mass splittings down to ∼ 10−8 eV2, which sets the
lower bound for the violation of the degeneracy in the neutrino mass spectrum in Eq. (13)
without spoiling the result in Eq. (41).) In this limit Eq. (15) is reduced to the simple
incoherent form
P incohνα→νβ =
∑
i
|Uαi|2|Uβi|2. (39)
(Moreover the oscillations should be averaged out already due to the lack of the emitter
localization [38, 39].) Hence
ΦCCsol
ΦNCsol
=
P incohνe→νe∑
β P
incoh
νe→νβ
=
∑
i
|Uei|4, (40)
and, using Eq. (5), we have ∑
i
|Uei|4 = 7
18
' 0.39, (41)
which is in good agreement with the experimental data in Eq. (37).
We remark that the suppression of νe flux in Eq. (41) is independent of their energy. This
provides an efficient tool for examination of the solar model calculations, since the neutrino
fluxes are quite sensitive to their parameter variations. For example, the predictions of the
solar models with late accretion for 8B, 7Be and pp neutrino fluxes differ by 400%, 300%
and 20%, respectively, see Fig. 12 in Ref. [40].
We notice that the explanation of KamLAND experimental data by the neutrino oscil-
lations with the mass splitting ∆m2ν ∼ 10−5 eV2 [41–43] is questionable4, and at least one
independent experiment is needed to verify the KamLAND result.
IV. OTHER NEUTRINO EXPERIMENTS
A. Direct neutrino mass experiments
Using Eqs. (5) and (13), the average mass, determined through the analysis of low energy
beta decays, can be written as
〈mβ〉 ≡
√∑
i
m2i |Uei|2 = m
√
2. (42)
4 Superposition of the neutrino fluxes from various reactors of different power can, in principle, explain the
shape of the KamLAND signal and the difference between pre-Fukushima [42] and post-Fukushima [43]
results without the use of the neutrino oscillations with ∆m2ν ∼ 10−5 eV2.
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For m ' 0.03 eV we have 〈mβ〉 ' 0.04 eV, which is far below the present upper limit
〈mβ〉 < 2.5 eV (at 95% CL) obtained in the “Troitsk Neutrino Mass” Experiment [44], and
below the sensitivity 0.2 eV (at 90% CL) of ongoing KATRIN experiment [45, 46]. However
the new approaches such as the MARE, ECHO, and Project8 experiments, offer the promise
to perform an independent measurement of the neutrino mass in the sub-eV region [47].
B. Neutrinoless double beta decay (0ν2β)
Using Eqs. (5) and (12), the effective Majorana mass in 0ν2β decay can be written as
〈m〉 ≡
∑
i
simiU
2
ei = 0. (43)
Hence 0ν2β decay is strongly suppressed and practically unobservable in the discussed model,
which can be checked to very good precision in possible future ton-scale experiments, e.g.,
GENIUS [48], LXe 10ty and HPXe 10ty [49].
C. νµ ↔ νe oscillations
The T2K experiment reported indication of electron neutrino appearance from an
accelerator-produced off-axis muon neutrino beam [50, 51]. The MINOS Collaboration also
reported νµ → νe appearance signal [52]. The discussed T2K (MINOS) experiment ob-
served 6 (62) candidate νe events against the expected 1.5 (50) events for the case of no
νµ → νe oscillation, which resulted from their analysis, in particular, in the upper bounds
A . 0.14 (A . 0.06) at the 90% CL on the amplitude of the oscillation probability written
as
P (νµ → νe) ≈ A sin2 (φosc(L,E)) . (44)
More data is expected from ongoing and coming experiments such as NOvA [53].
Several reactor experiments recently reported indications of electron antineutrino disap-
pearance [54–56] with the ratios of observed to expected numbers of ν¯e about R = 0.92−0.94,
which yielded A ' 0.05.
The discussed values of the amplitude A are smaller than the predictions, which can
be derived from the theory of democratic neutrino oscillations, introduced in section III A.
However these results are strongly model dependent. In particular, the uncertainties of
the neutrino fluxes may have a significant effect, e.g., reduction of R by about 10% results
in increase of A by factor of 2.5. Therefore we strongly encourage the neutrino physicists
to reanalyze the data in the framework of the presented simple and natural theory. We
hope that this will bring the neutrino theory and experiment to a good agreement without
introduction of sterile neutrinos or other exotics.
V. CONCLUSION
We introduced a simple model, which may explain the confirmed neutrino data, and re-
solve the long standing neutrino mass puzzles. This model is based on the non-diagonal
9
“democratic” mass matrix of three Majorana neutrinos, and predicts degenerate neutrino
mass splittings, which govern the atmospheric neutrino oscillations, and result in the neu-
trino mass spectrum close to {0.03, 0.03, 0.06}(eV). The difference between e-like and µ-like
event distributions in the Super-Kamiokande is controlled by the matter effect. The solar
neutrino deficit is explained by their incoherence in the Earth. We outlined the predictions
for the direct neutrino mass and the neutrinoless double beta decay experiments, and im-
portance of the accelerator νµ → νe oscillation and the reactor ν¯e disappearance experiments
in verification of the considered model. Definitely more detailed and careful analysis of the
neutrino data with respect to the considered model will be useful.
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